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Computational Investigation of Shock-Enhanced
Mixing and Combustion

Sang-Hyeon Lee,¤ In-Seuck Jeung,† and Youngbin Yoon‡

Seoul National University, Seoul 151-742, Republic of Korea

A computational investigation of shock-enhanced mixing and combustion is presented. To understand the in� u-
ences of the mixing process on the combustion process, the mixing characteristics of the reacting case are compared
with those of the nonreacting case. Parametric studies varying the conditionsof fuel injection are conducted to � nd
the trends of the mixing and combustion processes. Three-dimensional Navier–Stokes equations with a chemical
reaction model and k–! turbulence model are used. The upwind method of Roe’s � ux difference splitting scheme
is adopted. It is shown that the mixing process has a strong in� uence on the combustion process, whereas the
combustion process does not have any signi� cant effect on the mixing process. The combustion process is divided
into two mixing regimes: a convection-dominatedregime, where the burning rate increases with distance from the
injection plane, and a diffusion-dominated regime as one moves downstream, where burning rate is constant. In
the parametric studies, varying the fuel pressure with the fuel density held � xed makes little difference, whereas
varying the fuel density makes a signi� cant difference in mixing rate and burning rate. A prediction of minimum
combustor length for complete combustion is made.

Nomenclature
E; F; G = � ux vectors in physical coordinate system
Ev; Fv; Gv = diffusive vectors in physical coordinate system
h i = height of injector nozzle plane
M = Mach number
Pm = mass � ow rate
Pe; s = Peclet number for mass diffusion
p = static pressure
Q = solution vector
q = heat � ux
Re = Reynolds number
T = temperature
u; v; w = velocity components
x; y; z = Cartesian coordinates
Y = mass fraction
z j = jet liftoff height, hydrogen mass � ux center

normalized by h i

0 = circulation normalized by u1hi

½ = density
! = vorticity vector

Subscripts

i = injector
j = injected hydrogen
r = reaction step
s = species index
x; y; z = partial derivative to x; y; z coordinate, respectively
0 = stagnation
1 = inlet condition

Introduction

T HE design of the combustor of a supersonic combustion ram-
jet (scramjet) engine requires very ef� cient fuel–air mixing

becauseof the short residence time of the air within the engine.The
residence time of air in hypersonic airplane engines is only on the
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order of 1 ms for typical � ight conditions. Within this short period
of time, the air must be mixed with the fuel and then burned with-
out excessive aerodynamic drag to achieve maximum thrust. The
concept of shock-induced vorticity has been introduced as one of
the possible mechanisms to enhance the fuel–air mixing in scramjet
combustors.1 – 3 It has been reported that the generation of stream-
wise vorticity is an ef� cient way of enhancing fuel–air mixing in
hypersonic � ows. The streamwise vorticity induces a large-scale
convection that causes the air to roll up from the bottom edge of
the fuel stream and be more rapidly mixed with the fuel. One of the
simplest methods for generating streamwise vorticity is by shock-
induced baroclinic torque. The generationmechanism of baroclinic
torque can be explainedby the baroclinic source term in the simpli-
� ed vorticity equation
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If the pressure gradient is not parallel to the density gradient in a
� uid element, vorticity is generated. In shock-enhancedmixing, the
dynamicsof the vorticityis controlledby the incidentshockstrength
and the density gradient between fuel and air.

The concept of shock-enhancedmixing was suggestedby studies
of the transmissionand re� ection of a weak shock wave from cylin-
drical and spherical gas inhomogeneities, investigated experimen-
tally by Rudinger and Somers4 and later by Haas and Sturtevant.5

Marble et al.6 � rst proposed shock-enhancedmixing in nonuniform
gas streams for its potential application to scramjet combustors.
Jacobs7 veri� ed mixing enhancement in this problem by experi-
mentally studying the passage of a weak shock wave through a
cylindrical helium region embedded in air. Distortion of the he-
lium interface into a vortex pair structure was observed. In terms
of numerical simulations, the Hass and Sturtevant5 experiment has
been simulated by Picone and Boris.8 Also, Yang et al.9 computed
the two-dimensionalanalogy of the shock-inducedmixing problem
without chemical reactions. Drummond10 simulated the full three-
dimensional, steady shock-induced mixing problem with reaction.
Ton et al.11 studiednumerically the two-dimensionalanalogy of the
three-dimensionalshock-enhanced mixing model and showed that
the shock-enhancedmixing is not strongly in� uenced by combus-
tion and subsequentheat release.

Marble et al.12 conceived a geometry model of an injector sys-
tem in which the basic concept of shock-generatedstreamwise vor-
ticity could be incorporated into a scramjet combustor. Marble’s
model (Fig. 1) consists of alternate compression ramps and expan-
sion troughswith the injectingnozzleplacedat the end of eachramp.
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Table 1 Hydrogen-oxidation chemical kineticsa

Forward Backward

No. Reaction A N E A N E

1 H C O2 $ OH C O 2.2EC14 0.0 8,455 1.5EC13 0.0 0
2 O C H2 $ OH C H 7.5EC13 0.0 5,586 3.0EC13 0.0 4,429
3 H2 C OH $ H C H2O 2.0EC13 0.0 2,600 8.4EC13 0.0 10,116
4 2OH $ O C H2O 5.3EC12 0.0 503 5.8EC13 0.0 9,059
5 H2 C M $ 2H C M 5.5EC18 ¡1.0 51,987 1.8EC18 ¡1.0 0
6 H2O C M $ OH C H C M 5.2EC21 ¡1.5 59,386 4.4EC20 ¡1.5 0
7 OH C M $ O C H C M 8.5EC18 ¡1.0 50,830 7.1EC18 ¡1.0 0
8 O2 C M $ 2O C M 7.2EC18 ¡1.0 59,340 4.0EC17 ¡1.0 0

akr D AT N exp.¡E=RT / in cm3mole¡1s¡1 or cm6mole¡2s¡1 and E in cal mole¡1.

Fig. 1 Schematics of shock-enhanced mixing in Marble’s model.

As the � ow through the trough is turned parallel to the freestream,
an oblique shock is formed, through which the pressure gradient is
produced.At the same time, a density gradient perpendicularto the
pressure gradient is produced by the density differencebetween the
injectant and air. Thus, a baroclinic torque is produced. As a result
of vorticity shed from the injector ramp and baroclinic torque, two
vortices of opposite directions, called a vortex pair, are produced
downstream of each injector. The vortex pair accelerates the fuel–
air mixing without excessive aerodynamic drag and helps the fuel
penetrate into the airstream.This method also exploits the injection
of fuel as thrust. Waitz et al.13 ;14 studied the mixing process (with-
out reaction) by experimental and numerical methods and found
that the shock-enhanced mixing in Marble’s model of an injector
system is a feasible way of enhancing fuel–air mixing in a hyper-
velocity � ow condition. Lee et al.15 studied the geometry effects
on shock-enhancedmixing and showed that shock intersection has
an adverse effect on shock-enhanced mixing. However, there are
not enough numerical investigations including chemical reactions
for Marble’s model. The present study is an investigation of the
combustion characteristicsof shock-enhancedmixing.

The primary objective is to analyze the in� uence of the mixing
process on the combustion process when the shock-enhancedmix-
ing is incorporated into Marble’s model. The combustion process
utilizing shock-enhancedmixing is basicallycontrolledby the mix-
ing process. Hence, the combustion characteristicscan be analyzed
by the concept of mixing regime classi� ed according to the dom-
inant mixing mode: � ow convection and mass diffusion. One of
the two modes will play a dominant role in each region of fuel–air
mixing. At the near � eld of the fuel nozzle, the convections due to
baroclinic torque and shock waves have strong in� uences on fuel–
air mixing; therefore, the near � eld may be considered to be the
convection-dominated regime. On the other hand, at the far � eld,
the � ow convection gradually loses its in� uence on the fuel–air
mixing as the � ow acceleration mechanisms disappear and stable,
enclosed streamlines around the fuel are formed by the vortex pair.
In this region, the diffusion mode has more in� uence and, � nally,
plays a dominant role in fuel–air mixing. Therefore, the far � eld
may be considered to be the diffusion-dominated regime. Hence,
the analysis of the combustion region may be carried out using the
concept of regions where different types of mixing are dominant.

Parametric studies varying the conditions of fuel injection were
conducted to � nd the trends of the mixing and combustion pro-
cesses, while the conditions of the air� ow are held � xed at those

described by Marble.16 Two ways of varying the fuel injection con-
ditions were considered: 1) fuel pressure varied with fuel density
held � xed and 2) fuel density varied with fuel pressure held � xed.
The fuel temperature is changed by the variation of fuel density or
pressure according to the equation of state. The effects of pressure
and density gradients between the fuel and air on the combustion
were systematically investigated.To investigate the mixing charac-
teristics,parameterssuch as circulationin the y–z plane,penetration
distance, mixing rate, and burning rate were studied.

The concept of mixing regime and the parametric studies result in
informationabout the designparametersfor the scramjet combustor.
In a mixing-controlled combustion process, it takes a long time
to burn the fuel, which requires a long combustor for complete
combustion. It is necessary to determine the parameters that set
the combustor length. The estimation of the combustor length is
dif� cult becauseof excessivecomputing time requirements.Hence,
one objective of this study is to determine the parameters that set
the combustor length so as to suggest a method for predicting the
combustor length.

Method of Calculations
Governing Equations

The three-dimensional Navier–Stokes equations with chemical
reactions are expressed in the following form17– 19 :
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The formulas and data of viscosity,thermal conductivity,and binary
diffusivityare takenfromRef. 20.The intermolecularpotentialfunc-
tion is Lennard–Jones 12–6 potential. The viscosity of a pure gas
is obtained from the Chapman–Enskog equation, and the viscosity
of a gas mixture is calculated with the Wilke method. The thermal
conductivity of a pure gas is obtained from the Eucken method,
and the thermal conductivity of gas mixture is calculated with the
Wassiljewa equation modi� ed by Mason and Saxena. The diffusiv-
ity of a binary gas mixture is obtained from the Chapman–Enskog
equation, and the diffusivity of a gas mixture is calculated with
Blanc’s law. The data of constant pressure speci� c heat are taken
from the NASA polynomial21 that covers up to 5000 K.

The vector W is the source term for chemical reaction. The pro-
duction rate of sth species is expressed in the following form:
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where v 0
s and v 00

s are the forward and backward reaction coef� cients
respectively. An eight-step, seven-species reaction model is used.
The reaction rates of all of the reaction steps are expressed in Ar-
rhenius form, and the Arrhenius coef� cients are obtained from the
data of Refs. 22 and 23 and are shown in Table 1.

In this work, the k–! turbulence model equations24;25 are used
to calculate turbulent viscosity. In these equations, a model for the
dilatation–dissipation term (½u 0

i;i u
0
i ) suggested by Wilcox24 is in-

cluded to predict the compressibilityeffects. The turbulentdiffusiv-
ity and turbulentconductivityare obtained from turbulent viscosity.
The turbulent Prandtl number and turbulent Schmidt number are
both set to 0.9 (Refs. 24 and 26).
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A � nite volume method is used to discretize the three-dimen-
sional, thin-layer Navier–Stokes equations and turbulence model
equations. To obtain the � ux vector with an upwind method at the
surface of the grid cell, Roe’s � ux difference splitting scheme27

is used. The MUSCL scheme28 is used to obtain a higher order
of accuracy in spatial discretization. The lower–upper symmetric
Gauss–Seidel scheme29 is used for the time integrationof nonreact-
ing case, and the lower–upper symmetric successiveoverrelaxation
scheme30 is used for the time integration of the reacting case.

Calculation Grid and Flow Conditions
The geometry and grid system near the injector are shown in

Fig. 2. The geometry of the injector system is the same as that
of Waitz et al.13 ;14 Three cross sections are located at the inlet,
the injection plane, and downstream, respectively. To obtain a � ne
solution near the walls, grid points are clustered near the walls. The
number of grid points of the primary grid system is 210 £ 40£ 65
(D546,000). To check grid independence, three grid systems with
differentnumbersof grid points are used; the numbersof grid points
are 190 £ 24 £ 48 (D218;880, about 40% of primary grid system)
for the second grid system, 210 £ 32 £ 57 (D383;040; about 70%
of primary grid system) for the third grid system, and 230£48£72
(D794;880, about 146% of primary grid system) for the fourth grid
system.

The � ow conditions of the inlet air shown in Table 2 are taken
from Ref. 16 and are the conditions for a hypersonicairplane � ying
at 31.5 km at a speed of Mach 18. The fuel used in this investigation
is hydrogen,which is generallytaken for the fuel of a hypersonicair-
planeengine.The � ow conditionsof hydrogenare shown in Table 3.
Case A is a reference for comparison with the other cases (Fig. 3).
The fuel temperature is 1000 K, and the fuel pressure is 1 atm. Two
sets of parametric studies are performed by varying the conditions
of fuel injection.In the � rst set of cases,A, B1, and B2, the fuel pres-

Table 2 Flow conditions of air

p1 , atm 1.0
T1 , K 1500
½1 , kg/m3 0.2337
u1 , m/s 4492
M 6.0

Table 3 Flow conditions of hydrogen

Case A Case B1 Case B1¤a Case B2 Case B2¤ Case C1 Case C2

p=p1 1.0 0.50 1.0 0.25 1.0 1.0 1.0
T=T1

2
3

1
3 0.406 1

6 0.248 1
3

1
6

½=½1 0.105 0.105 0.172 0.105 0.283 0.21 0.42
u=u1 1.0 1.0 0.919 1.0 0.908 1.0 1.0
M 1.88 2.65 2.205 3.73 2.78 2.65 3.73

aAsterisk denotes the properties compressed insentropically to p1 .

Fig. 2 Geometry and grid system near injection plane: injector height
hi = 1.0, trough length ti = 6.0, injector width bi = 0.5, and distance
between injectors dj = 2.0, all in inch scale.

sure is varied while the fuel densities (and � ow rates) are � xed. This
allows one to study the pressure effect on mixing and combustion.
The fuel pressuresfor casesB1 and B2 are one-halfand one-quarter,
respectively, that for case A. The temperature of the fuel changes
with the variation of pressure according to the equation of state. In
the second set of cases, A, C1, and C2, the fuel density is varied
while the fuel pressure is held � xed. This allows one to study the ef-
fect of density gradient, i.e., baroclinic torque, between the fuel and
air on the mixing; the fuel densities for cases C1 and C2 are twice
and four times, respectively, that for case A. Also, the temperatures
change with the variation of density. Consequently,case C2 has the
lowest density difference between the fuel and air. The change of
the fuel temperature results in a change of the Mach number of the
fuel.

For cases A, C1, and C2, the nozzle exit pressure is equal to the
freestream pressure. Hence, one does not expect much expansion
or compression of the jet downstream of the nozzle exit. However,
this is not the case for conditions B1 and B2. For these two cases,
the jet will be considerably compressed downstream of the nozzle
because the nozzle exit pressures are only 0.5 and 0.25 times the
freestream pressure, respectively.The values of cases B1¤ and B2¤

show the conditions reached by isentropically compressing the jet
to the freestream pressure.

Results
Code Validation and Grid Independence

The solutions of the governing equations converge on the val-
ues with little unsteadiness.After the number of iterations exceeds
5000, the L2 norm of the pressure difference due to time marching
in the whole domain is below the order of 10¡5 and there are no
realizable changes of circulation,penetrationdistance, mixing rate,
and burning rate. Hence, the solutionsare taken as steady. The com-
putationalcodeused in this investigationgives goodagreementwith
the experimental results of Waitz et al.14 The k–! turbulencemodel
predicts precisely the mixing rate experimental data, whereas the
calculationwithout the turbulencemodel can not predict the mixing
rate trends.15 To check grid independence,calculationson the three
different grid systems are conducted, and the results are shown in
Fig. 4. Even though the calculation on the second grid system is
made where the number of grid points is about 40% of primary grid
system, it shows trends similar to those of the primary grid system
with slightly underestimated circulation, penetration distance, and
mixing rate. The results on the third and fourth grid systems show
almost the same results as those on the primary grid system.

In� uences of Mixing on the Combustion Process
To graspthegeneraltrendof thecombustionprocess,globalviews

of the � ow� eld are plotted. Figure 3 shows the combustion process
of case A. The number under each cross section is the distance from
the injection plane normalized by injector height. Figure 3a shows
the fuel distribution and pressure contours. The left-hand side of
each cross section shows the fuel mass-fraction contours and the
right-hand side shows the pressure contours.Two shock waves, one
induced by the injector wedge and the other induced at the end of
expansion trough, propagate upward. The shape of the fuel pattern
can be explained by the vortex pair and the relative position of the
shock waves. At the near � eld of the injection plane, air is entrained
underneath the fuel due to the vortex pair, and the pressure over the
fuel is raised because of the recompression of the expansion wave
over the fuel region. Hence, the air pushes the fuel upward, and the
high-pressureregionover the fuel blocks the upward motion of fuel,
which elongates the shape of the fuel jet in the lateral direction.
After the fuel jet passes away from the shock waves, its shape is
determinedby the vortex pair. The fuel jet is divided into two halves
and penetrates into the airstream with only small changes of the
shape. The mass fraction contours of the OH radical and H2O are
plotted in Fig. 3b.The left-handsideof a crosssectionrepresentsOH
mass-fractioncontours,whereas the right-handside representsH2O
mass-fraction contours. Figure 3b shows that autoignition occurs
at the mixing zone and that the � ame propagates along the vortex
pair and � nally engulfs the fuel divided into two parts. The OH
and H2O near the stagnation point (on the bottom wall) come from
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a) Mass-fraction contours of H2 (left) and pressure contours (right)

b) Mass-fraction contours of OH (left) and H2O (right)

Fig. 3 Global view of mixing and combustion process (case A, Tj = 1000K, pj = 1 atm). Tabulated numbers denote the maximumvalues of parameters
at each cross section.

the combustion of the fuel captured in the counter-rotatingvortices
located underneath the main vortices.

To measure the in� uences of the mixing process on combustion
characteristics, the reacting and nonreacting cases are compared.
Figure 4 shows the comparisonsof circulation(Fig. 4a), penetration
distance (Fig. 4b), and mixing rate (decay rate of maximum fuel
mass fraction) (Fig. 4c). The circulationand baroclinic source term
are de� ned in the following forms:
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The change of circulation is affected by the change of baroclinic
source. The increase of circulation arises after the increase of baro-
clinicsource,and the decreaseof circulationarises after the decrease
of baroclinic source. There are time delays between the changes of
baroclinic source and the changes of circulation.

There is little difference between reacting and nonreacting cases
in circulation,penetrationdistance,and mixing rate.This is believed
to be becausechemical reaction, i.e., heat release,has little in� uence
on the generationof vorticity in a supersonic � ow� eld, whereas the
mixingprocess is stronglyin� uencedby the vorticity� eld.11 Hence,
the mixing process in shock-enhanced mixing strongly affects the
combustion process,whereas the combustionprocess hardly affects
the mixing process. These results indicate that the combustion pro-

cess could be decoupled from the mixing process with only minor
differences in the trend of mixing-controlledcombustion.

Classi� cation of Mixing Regime
In general, there are two dominant mechanisms in the fuel–air

mixing process: � ow convection and mass diffusion. Each mech-
anism plays a dominant role in different conditions. To check the
dominance of the two mixing modes, two factors are considered:
the history of the Peclet number and the formation of the enclosed
stable streamlines. The Peclet number denotes the convection ve-
locity vs the diffusivity. Hence, higher Peclet number means that
the mixing capability of convection is higher than that of mass dif-
fusion. The histories of the Peclet number are plotted in Fig. 5. The
Peclet number is de� ned in the following form:
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The axial component (x direction) of velocity is not considered in
the convectionvelocity because it does not contribute to the mixing
process. The Peclet number is averaged with hydrogen mass � ux.
Hence, a high Peclet number indicates that the � ow convection is
dominant in the fuel–air mixing process. As shown in Fig. 5, two
distinct regions are classi� ed with respect to Peclet number. The
near � eld of the injection plane, where x is smaller than 10, rep-
resents large changes of Peclet numbers, and the far � eld, where
x is larger than 10, shows almost constant values of Peclet num-
ber. At the near � eld of the injection plane, a sharp increase of
Peclet number occurs due to the � ow accelerationmechanism, such
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a) Circulation normalized by inlet air velocity and injector height
(u 1 , hi )

b) Penetration distance normalized by injector height hi

c) Mixing rate expressed by decay rate of maximum mass fraction
Fig. 4 Comparison between reacting and nonreacting cases.

as baroclinic torque, and the pressure gradient made by the shock
wave. The sharp decreases after the peak are due to the � ow decel-
eration by the high-pressureregion over the fuel and to the increase
of the mass diffusivity.At the far � eld, all of the cases show almost
the same value of Peclet number, which is low and almost constant.
This suggests that there are no signi� cant � ow acceleration mech-
anism. Another factor that should be considered is the formation
of stable streamlines in y–z plane. If stable enclosed streamlines
around the fuel are formed, the physical variables are almost uni-
form along the enclosed streamline and the mass diffusion normal
to the streamlines plays a dominant role in the mixing process.
Figures 3a and 4a show that the vortex pair keeps almost the same
shape and the circulationmaintains almost the same value at the far
� eld of the injectionplane, which suggests that mass diffusionplays
a dominant role in fuel–air mixing at the far � eld.

From these facts, it can be said that there are two distinct regions
where the dominant mechanism of the mixing is different.The near
� eld of the fuel injection plane has a convection-dominatedmixing
regime due to the � ow acceleration mechanism. The far � eld of the
fuel injection plane has a diffusion-dominatedmixing regime due

Fig. 5 Histories of Peclet number averaged with hydrogen mass � ux.

Case A Case B1 Case B2 Case C1 Case C2
Fig. 6 Combustionprocesses at near � eld; numbersof central columns
are the maximum mass fractions of H2 and OH, respectively; the last
row shows velocity vector � elds. Maximum speed in y–z plane is 0.2u1 .

to the disappearanceof the signi� cant � ow accelerationmechanism
and the formation of stable enclosed streamlines.

Parametric Studies
Figure 6 shows the combustionprocessesof all of the cases at the

near � eld of the injection plane. Even though the temperature of the
injected hydrogen is quite low (250 K in the cases of B2 and C2),
a self-ignited combustion occurs due to the high air temperature of
1500K. In all cases the ignitionoccursfromtheedgeof fuel contours
and the � ame front rolls up to the vortex pair. The velocity vector
� elds at the bottom of Fig. 6 show that two counter-rotatingvortex
� ows (vortex pair) are formed, and the � ame regions are captured
by the vortex pair in every case. Intense combustion occurs in the
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Fig. 7 Comparison of circulation normalized by inlet air velocity and
injector height (u1 , hi ) and baroclinic source normalized by inlet den-
sity and pressure ( p 1 , ½ 1 ).

lower region of the fuel, where the high-temperature in� ow of air
due to the shock-induced vorticity causes intense fuel–air mixing.
The shape of the � ame is in� uenced by pressure and density of the
fuel. Cases B1 and B2 have smaller � ames than case A because
those cases with lower pressure than that of the airstream have to
be compressed up to the air-stream. Cases C1 and C2 have larger
� ames than case A because those cases with higher density than
case A are less compressed than case A.

Figure 7 shows the comparison of the circulations in y–z plane
normalized by the injector height and the velocity of inlet air. The
circulation trend is similar to that of Waitz et al.14 The increase of
circulationbefore the injectionplane (where x < 0), which is a large
portion of streamwise circulation, is generated by the ramp. The
increase of circulation after the injection plane is due to baroclinic
torque.The decreaseafter the peak is due to the high-pressureregion
over the fuel region caused by the recompression of the expansion
wave (see Fig. 3a). Among cases A, C1, and C2, case A with the
highest density gradient (lowest density ratio ½ j=½1 ) shows the
highest circulation at the near � eld due to the highest intensity of
baroclinic source. Case C2 shows the slowest decay of circulation
at the far � eld due to the highest intensityof baroclinic source. This
is because case C2 has the slowest mixing rate and there remains
a density difference between fuel and air at the far � eld. Although
cases A, B1, and B2 have the same density ratio (½ j =½1), they have
differentcirculationtrendsbecauseof differentfuelpressures.Cases
B1 and B2 with lower pressure than that of the airstream have to
be compressed up to the airstream. When the fuel jets for cases B1
and B2 are compressed isentropicallyup to the freestream pressure
level, their normalized densities would be 0.172 and 0.283 instead
of 0.105 (see Table 3). Hence, the baroclinic torque would be less
for cases B1 and B2 than for case A, and the circulationswould also
be expected to be less for cases B1 and B2 than case A.

Figure 8 shows the comparison of penetration distance, the dis-
tance of the mass center of fuel from the wall. The trend of the
penetration is similar to the computationalresult of Waitz et al.13;14

At the near � eld (convection-dominated regime), fuel penetration
is achieved only by the penetration of the lower part of the fuel
because the upper part is blocked by the high-pressure region over
the fuel. The high-pressure region over the fuel stream decelerates
the upward � ow of the fuel, which results in the reduction of the
slope of penetration distance and the high-pressure region under
the fuel. After the fuel passes away from the injection plane, the
fuel again starts to penetrate into the airstream due to the high pres-
sure under the fuel. At the far � eld (diffusion-dominated regime),
the fuel penetrates with a constant slope because there is no � ow
acceleration mechanism after the fuel passes away from the shock
waves. The different histories of penetrationdistances among all of
the cases can be explained with the � ow acceleration mechanism
and the inertia of fuel. The cases with higher vorticity strength and
lower inertia of fuel (cases A, B1, and B2) show a faster increaseof
penetrationdistance. In the region between x D 5 and 10, however,
the case with the lower inertia of fuel and lower injection pressure

Fig. 8 Comparison of penetration distance normalized by injector
height hi.

Fig.9 Comparisonofmixingrate expressed by decay rate ofmaximum
hydrogen mass fraction plotted on log-log scale.

(case B2) shows a more rapid decrease of the slope of penetration
distance because it experiencesstronger decelerationof the upward
� ow of the fuel due to the high-pressureregionover the fuel. Finally,
case B2, with the most rapid decrease of penetrationdistance at the
near � eld (with the highest pressure region under the fuel due to
the strongest deceleration), shows the highest slope of penetration
distance after x D 10.

Figure 9 shows the comparisonof mixing rates on a log-logscale.
Mixing rate is de� ned as the decay rate of the maximum mass frac-
tion of fuel. The trend of the mixing rate is similar to the experi-
mental result of Waitz et al.13 ;14 In all cases, there is an accelera-
tion of mixing rate at the near � eld (convection-dominatedregime),
whereas there is linear decay of maximum mass fraction of fuel at
the far � eld (diffusion-dominated regime). Among the cases with
the same fuel density (cases A, B1, and B2), cases B1 and B2 with
lower injection pressure show the higher mixing rates. This is due
to: 1) the jets for cases B1 and B2 are smaller than those for case A
(see Fig. 6) and 2) the jets for cases B1 and B2 have axial veloci-
ties 8 » 9% lower than the freestream velocity, which can lead to
improved mixing (see Tables 2 and 3). Among the cases with the
same injection pressure (cases A, C1, and C2), cases C1 and C2,
with higher density ratio (lower density gradient), show the lower
mixing rate due to weaker baroclinic torque.

Figure 10 shows the mass � ux of unburned hydrogen normal-
ized by the mass � ux initially injected. The relative burning rate
is expressed in terms of the reduction rate of the hydrogen mass
� ux. For all cases, there are accelerationsof burning rate at the near
� eld,whereasthe burningratesbecomeconstantat the far � eld (after
aboutx D 12). This is believedto be thechangeof themixingregime
from the convection-dominatedregime to the diffusion-dominated
regime. In general, cases C1 and C2, with higher density ratio, i.e.,
the lower density gradient, result in the lower relative burning rate.
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Fig. 10 Comparison of relative burning rate estimated by decay rate
of hydrogen mass � ux normalized by its own injection mass � ux.

Fig. 11 Estimations of minimum combustor length required for com-
plete combustion; the latter part after x = 30 is obtained with linear
extrapolation.

Although it would be expected that the case with a higher fuel tem-
perature has a higher burning rate, there exist regions where the
case with a lower fuel temperature shows a higher burning rate.
Case A, B1, and B2 with the same fuel density have different fuel
temperatures. Although case A with the highest fuel temperature
(T j D 1000 K) has the fastest fuel consumption at the near � eld,
case B2 with lowest fuel temperature (T j D 250 K) has a sharp in-
crease of fuel consumption after about x D 8, i.e., the trend of fuel
consumption rate is reversed. This is due to the difference of time
required for heating the fuel to a combustible state. Case B2 has
the highest mixing rate, whereas it requires the longest time to heat
the fuel to a combustible state because of its lowest temperature.
Therefore, case B2 has the lowest burning rate during the heating
period, but it has the highest burning rate after the heating period.

Figure 11 shows the predictionof the minimum combustor length
required for complete combustion. These results are estimated by
the linear extension of the results in Fig. 10 with the assumption
that the burning rate at the far � eld (diffusion-dominated regime)
is constant. The minimum combustor length required for complete
combustion is the distance at which the mass � ow of unburned fuel
is reduced to zero. The combustor lengths for cases A, B1, and B2
are almost the same value of about 70 in. (1.8 m) and are about
130 in. (3.3 m) for case C1 and about 220 in. (5.6 m) for case C2. It
is foundthat the combustor length requiredfor completecombustion
is dependent on the density (mass � ow rate) of hydrogen, whereas
other properties such as fuel temperature and pressure have little
effect on the combustor length.

Conclusions
A computational investigation of the combustion process with

shock-enhanced mixing is presented with Marble’s combustor
model of a scramjet engine using the three-dimensional Navier–
Stoke equations and the k–! turbulence model. The parameters

such as circulation, penetration distance, mixing rate, and burning
rate are introduced to investigate the mixing and combustion in a
supersonic airstream.Using these parameters, the effects of the fuel
conditions, such as pressure, density, and temperature, on combus-
tion are investigated. The conclusions from computational results
are as follows.

There is little difference between reacting and nonreacting
cases in the mixing characteristics such as circulation, penetration
distance, and mixing rate. This is believed to be because chemical
reaction, i.e., heat release, has little in� uence on the generation of
vorticity, which is the same trend found in Ref. 11. These results
suggest that the mixingprocessstronglyaffects the combustionpro-
cess and is not signi� cantly affected by the combustion process in
the shock-enhanced mixing. Therefore, the combustion process in
a hypersonic � ow� eld can be decoupled from the mixing process
with a only small differences in the trends.

The mixing regimes are of two distinct types: a convection-
dominated regime and a diffusion-dominatedregime. The convec-
tion-dominated regime is found at the near � eld of the fuel nozzle,
where the shock-induced vorticity is generated. Hence, there are
large changes in circulation, mixing rate, penetration distance, and
burning rate. The diffusion-dominated regime is found at the far
� eld, where there are no signi� cant � ow acceleration mechanisms;
there are only small changes in circulation,penetrationrate, mixing
rate, and burning rate.

Two types of parametric studies were conducted. It is shown that
changing the fuel temperaturewith the fuel density held � xed makes
little difference in the mixing and combustion processes. The vari-
ation of the fuel density with the fuel pressure held � xed, on the
other hand, makes signi� cant differences in mixing rate and burn-
ing rate: The caseswith lower density ratios have highercirculation,
higher mixing rates, and higher relativeburningrates.The case with
higher density ratio, i.e., the lower density gradient, produces lower
mixing rate and lower burning rate. This indicates that the mixing
process is strongly in� uenced by the shock-induced vorticity be-
cause the strength of vorticity is determined by the interaction of
the shock and the density gradient between the fuel and air. Also, at
the near � eld, it is found that the strong vorticity is produced by the
interaction between the shock and the density gradient and that the
entrainedhot air results in autoignitionin all cases of our study, even
when the temperature of the fuel is very low (for example, 250 K
in cases B2 and C2). This indicates that the fuel temperature is not
an important factor for the ignition process if the air temperature is
high enough.

Finally, it is found that the parameter determining the combustor
length required for complete combustion is the density, i.e., � ow
rate, of the fuel, whereas other properties such as fuel tempera-
ture and pressure have little effect on the combustor length. The
combustor length is estimated by a linear extension of the fuel con-
sumption graph with the assumption that the burning rate at the far
� eld (diffusion-dominatedregime) is constant.
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